Circles - Leciure 04 - geo—circles

Course materials — Lecture 04 (96 min): lecture video - handout PDF (Lecture 4) - board notes
(04.jpg) - homework answer key (Chapter 4) — all in the amc8/video folder. - & Printable PDF

(answers & solutions at the back)

4" Key facts

For a circle of radius 7: circumference C' = nd = 2nr and area S = mr? (and ™ = % ~ 3.14 —

that's its definition). A whole circle is 360° of arc, and everything about arcs and sectors is proportional
reasoning: a piece that is 3%0 of the circle has % of the circumference and % of the area. The one
theorem AMC 8 loves most: an inscribed angle is half the central angle on the same arc — so an

angle sitting on a diameter is always 90°.

& |nstructor's toolbox (from the lecture video & board notes)

1 - Speak circle: radius, diameter, chord, arc. Radius r, diameter d = 2r; a chord joins two
points on the circle (the diameter is the longest chord); an arc is a piece of the circle itself. Two
points split the circle into a minor arc and a major arc. The degree measure of an arc equals its
central angle, and all the arcs of a circle add to 360° — so a circle cut into 12 equal arcs has 30°
per arc (that's Example 2 in one line).

arc = same

fegrees
angle

ord
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2 - The two master formulas. C = wd = 27r and S = 7r2. The instructor's proof for the area:
slice the circle into thin sectors and stack them alternately — they rearrange into (nearly) a
rectangle with width half the circumference, 7rr, and height r,s0 S = nrr - r = r, Squares
travel with circles on these problems, so keep their two area forms handy: Ssquare = side® =
diagomal2

— 5

width =~ mr

S=mr-r=mr?

3 - Arcs and sectors are just fractions. A central angle 6 cuts off 3%0 of everything: arc length =
% - 27, sector area = 3%.0 - 2. The instructor's warm-up: 7 = 30, central angle 120° —

circumference 607, arc = 607 X % = 207. Work the fraction, never a new formula.

Y3 0f C,
V3 of S

4 - Tangent 1 radius — connect the center to the tangent point. The instructor circles this on the
board: tangent = 90°, automatically. Whenever a circle touches a line (or a triangle's side), draw
the radius to the point of tangency; the right angles you create are what make similar triangles or
squares appear (Examples 1, and Practice 6 where two tangent radii build a square).

1 tangent




5 - Inscribed angle = half the central angle. On the same arc, Zcenter = 2 x Zcircle (the
board proof: two isosceles triangles, exterior angles /1 = 2/3, /2 = 2/4, add). Two instant
corollaries the exams milk constantly: (a) an angle standing on a diameter spans a 180° arc, so it
is 90° (Thales); (b) inscribed angles on the same arc are equal (Challenge C3).

diameter

6 - The shaded-area playbook: subtract, then complete. Aimost every shaded region is (easy
shape) — (easy pieces): rectangle — sectors (Example 4), two squares — overlap — circle
(Practice 4). When the region has curved dents, complete the figure first: the star in Practice 2
completes to a 4 X 4 square minus four quarter-circles — which reassemble into one whole circle.
Watch for quarter-circles hiding in corners: their radii tell you the square's side.

7 - Equal areas = trade the regions. "Area inside the circle but outside the square — area inside
the square but outside the circle" means the crescents exactly fill the corner slivers — so circle and
square have equal total area (Practice 3: mr? = 4). Don't compute the overlap; trade it away.
Cousin of this move: comparing two figures by adding the same shared region to both.

8 - Rolling circles ride an offset track. When a ball of radius p rolls along a curve, its center
traces the same curve shifted by p: outside a hump the center's radius is R — p... inside a dip it's
R + p (Practice 5: 98, 62, 78 instead of 100, 60, 80). Same idea wrapped around coins: a taut
band = straight tangent segments + arcs that always total one full circle (Fresh 9).



L Worked examples

[

2017 AMC 8 #22 - tangent + similar triangles
Example 1. In the right triangle ABC, AC' =12, BC =5

, and angle C'is a right angle. A semicircle is inscribed in the triangle as shown. What is the radius
of the semicircle?

b

A D C

wW: ®»2 ©2 o3F ®
#4 Tangent L radius

Key idea: let O be the center (on AC) and M the point where the semicircle touches AB;

connect OM, so OM 1 AB.Then AAMO and AACB share angle A and both have a

M A 12 —
right angle, so AAMO ~ NAACB, giving oM = —O e L = ! (note AB = 13
10

BC AB 5 13

from the 5-12-13 triple, and AO = 12 — r). So 13r = 60 — 57, 18 = 60, r = 3

Answer: D




2014 AMC 8 #15 - arcs & inscribed angles
Example 2. The circumference of the circle with center O is

divided into 12 equal arcs, marked with the letters A through L as seen below. What is the
number of degrees in the sum of the angles x and y?

(A)75 (B)80 (C)90 (D)120 (E) 150

#1 Arc degrees #5 Inscribed angle

Key idea: 12 equal arcs — each arc is 360° /12 = 30°. Angle z at A is an inscribed angle
standing on arc EG (2 arcs = 60°), so x = % -60° = 30°. For y: in AOIG the central
angle ZI0OG = 60° and OI = OG (radii), so the triangle is equilateral and y = 60°. Sum:
x +y = 90°. Answer: C



2016 AMC 8 #23 - Thales on two circles
Example 3. Two congruent circles centered at points A and B

each pass through the other circle's center. The line containing both A and B is extended to
intersect the circles at points C' and D. The circles intersect at two points, one of which is E.
What is the degree measure of ZCE D?

(A)90 (B)105 (C)120 (D)135 (E) 150

#5 Inscribed angle #1 Radii everywhere

Key idea: let the common radius be r;then A = BE = AB = r,so AABFE'is
equilateral. Both A and D lie on circle B (BA = BD = r), so AD is a diameter of circle B
— and F is on that circle, so ZAED = 90° (Thales). Also AE = r = %AD gives
/ZEAD = 60°. On the other side, CA = AE = r makes AC AF isosceles, and its
exterior angle at A is 60°, so ZCEA = 30°. Total: ZCED = 30° + 90° = 120°.

Answer: C



2014 AMC 8 #20 - sectors
Example 4. Rectangle ABCD has sides CD = 3and DA =5.A

circle with radius 1 is centered at A, a circle with radius 2 is centered at B, and a circle with radius
3 is centered at C. Which of the following is closest to the area of the region inside the rectangle
but outside all three circles?

(A)35 (B)40 (C)45 (D)50 (E)5.5

#6 Subtract easy pieces #3 Sectors are fractions

Key idea: each circle only pokes a quarter into the rectangle (the corners are right angles).
Area =15 — T (12 4+ 22 4 3?) = 15 — &¥ = 15 — 3.5 ~ 15 — 10.99 ~ 4.0.
Answer: B

“\ Practice

Try each one before opening the solution. Figures are from the official exams.



2003 AMC 8 #22
1. The following figures are composed of squares and circles. Which figure has a

shaded region with the largest area?

- cm—» - ) c > - ) c—
(A)Aonly (B)Bonly (C)Conly (D)bothAandB (E) all are equal

B C

2012 AMC 8 #24
2. A circle of radius 2 is cut into four congruent arcs. The four arcs are joined to form

the star figure shown. What is the ratio of the area of the star figure to the area of the original
circle?

AWET B ©2 O (E



3. A square with side length 2 and a circle share the same center. The total area of

2005 AMC 8 #25

the regions that are inside the circle and outside the square is equal to the total area of the regions

that are outside the circle and inside the square. What is the radius of the circle?

/

AN

AN

wWZ ®L2 ©F OVv3 BT

4. Two 4 X 4 squares intersect at right angles, bisecting their intersecting sides, as

2004 AMC 8 #25

shown. The circle's diameter is the segment between the two points of intersection. What is the

area of the shaded region created by removing the circle from the squares?

(A)16 — 47 (B)16 — 27 (C)28 — 4w (D) 28 — 2

(E)32 — 27



2013 AMC 8 #25
5. A ball with diameter 4 inches starts at point A to roll along the track shown. The

track is comprised of 3 semicircular arcs whose radii are R; = 100 inches, Ry = 60 inches, and
R3 = 80 inches, respectively. The ball always remains in contact with the track and does not slip.
What is the distance the center of the ball travels over the course from A to B?

(A) 2387 (B) 240w (C) 260w (D) 2807  (E) 5007



2005 AMC 8 #23
6. Isosceles right triangle A BC' encloses a semicircle of area 27. The circle has its

center O on hypotenuse AB and is tangent to sides AC and BC. What is the area of triangle
ABC?

B

(A)6 (B)8 (C)37m (D)10 (E)4rw

& Fresh from the latest exams

The same ideas, exactly as they appeared on the most recent tests.



2024 AMC 8 #18
7. Three concentric circles centered at O have radii of 1, 2, and 3. Points B and C'

lie on the largest circle. The region between the two smaller circles is shaded, as is the portion of
the region between the two larger circles bounded by central angle BOC), as shown in the figure

below. Suppose the shaded and unshaded regions are equal in area. What is the measure of
ZBOC in degrees?

B

(A)108 (B)120 (C)135 (D)144 (E) 150



2025 AMC 8 #18
8. The circle shown below on the left has a radius of 1 unit. The region between the

circle and the inscribed square is shaded. In the circle shown on the right, one quarter of the
region between the circle and the inscribed square is shaded. The shaded regions in the two
circles have the same area. What is the radius R, in units, of the circle on the right?

(AV2 (B)2 (C)2vV2 (D)4 (E)4V2



2026 AMC 8 #23
9. Lakshmi has 5 round coins of diameter 4 centimeters. She arranges the coins in

2 rows on a table top, as shown below, and wraps an elastic band tightly around them. In
centimeters, what will be the length of the band?

(A)2r+20 (B)3m+20 (C)4r+20 (D)3m+20 (E) 57w+ 20

Challenge (AMC 10 level)

2019 AMC 10A#13 - angle chase
C1. Let AABC be an isosceles triangle with BC' = AC and

/ACB = 40°. Construct the circle with diameter BC, and let D and E be the other intersection
points of the circle with the sides AC and AB , respectively. Let F' be the intersection of the
diagonals of the quadrilateral BC'D E. What is the degree measure of Z BFC'?

(A)90 (B)100 (C)105 (D)110 (E)120

2011 AMC 10B #17 - cyclic trapezoid

C2. In a given circle, the diameter EB is parallel to DC, and AB
is parallel to EZD (all five points lie on the circle). The angles AEB and ABE are in the ratio 4 :
5. What is the degree measure of angle BC' D?

(A)120 (B)125 (C)130 (D)135 (E) 140



2015 AMC 12B #13 - same-arc angles
C3. Quadrilateral ABC' D is inscribed in a circle with

/BAC =70°, ZADB = 40°, AD = 4, and BC' = 6. Whatis AC?

W3+v5 (B)6 ()2 (D8-V2 (B)7

2018 AMC 10A #15 - similar triangles
C4. Two circles of radius 5 are externally tangent to each other

and are internally tangent to a circle of radius 13 at points A and B, as shown in the diagram. The
distance A B can be written in the form %, where m and n are relatively prime positive integers.
Whatis m + n?

(A)21  (B)29 (C)58 (D)69 (E)93

2017 AMC 10B #22 - Thales + similar
C5. The diameter AB of a circle of radius 2 is extended to a point

D outside the circle so that BD = 3. Point E is chosen so that ED = 5 and line ED is
perpendicular to line AD. Segment AF intersects the circle at a point C' between A and E.
What is the area of AABC?

W7 B3 ©3 O3 EF

2005 AMC 10A #23 - midsegment
C6. Let AB be a diameter of a circle and C' be a point on AB with

2. AC = BC'. Let D and E be points on the circle such that DC' | AB and DFE is a second
diameter. What is the ratio of the area of ADCF to the area of NABD?

A: B ©: O3i (B2

Sources: prep-course Lecture 04 (video + board notes + 16 worked examples, translated to English) and official AMC 8
problems from the local bank (kb/content/banks/). Answers verified against official answer keys where available.



£ Answer key

Example 1 2 3 4
D C C B

4 5 6 7 8 9

—_
[\
W

Practice
C A A D A B A B C
Challenge C1 C2 C3 C4 C5 C6
D C B D D C

7 Solutions to practice problems

4
Practice 1.

#6 Subtract #2 Square = diag?/2

2
A:22 — .12 = 4 — 7w ~ 0.86. B: four circles of radius %: 4 — 4w (%) =4 — 7w —the
same! C: the circle's diameter equals the square's diagonal = 2, so the square's area is % =

2 and the shaded partis 7 - 12 — 2 = © — 2 ~ 1.14. Largest is C. Answer: C

Practice 2.

#6 Complete the figure

Complete the star to the 4 x 4 square through its four points. The star is the square minus four

quarter-circles of radius 2 — and those four quarters are exactly one whole circle. Star =

o 16—4nr 4 —7
16 — 4, so the ratio is = . Answer: A
47 vy




Practice 3.

#7 Trade equal regions
The four crescents (circle-outside-square) exactly balance the four corner slivers (square-

outside-circle), so circle and square have equal areas: wr2 =22 =4 Thenr = —

NG

2
(: v after rationalizing) . Answer: A
T

Practice 4.

#6 Subtract #2 Square = diag?/2

The overlap of the two squares is itself a small square whose diagonal joins the two intersection
points; half-sides of length 2 give diagonal MN = 24/2, so the circle's radius is v/2. Shaded
= two squares — overlap — circle = 2 - 16 — 4 — 7(1/2)? = 28 — 2. Answer: D

Practice 5.

#8 Offset track #3 Arcs are fractions

The ball's radius is 2, so its center follows three semicircles of radii 7; = 100 — 2 = 98 (riding
inside the dip), 7o = 60 4+ 2 = 62 (over the hump), r3 = 80 — 2 = 78. Each semicircle
contributes 7rr: total = (98 + 62 + 78) = 238w. Answer: A

Practice 6.

#4 Tangent L radius #2 Master formulas

Semicircle area: %771“2 = 27 = r = 2. Draw radii OM | AC and ON L BC tothe
tangent points. In right triangle AMO, ZA = 45°, s0o AM = MO = 2. Z/C = ZCMO =
ZCNO = 90° with OM = ON makes CMON a square, so CM = 2. Then AC =

AM+MC’:4:BC,andS:%-4-4:8.Answer:B



Practice 7.

#3 Sectors are fractions #6 Subtract

Ring areas: middle ring 4™ — m = 37 (all shaded); outer ring 97 — 47 = 57 (a % slice is
shaded). Everything totals 97, so shaded = unshaded means shaded = 4.57: 37w + % .

_ 6 __ 15 __ _ o .
57r—4.57r$%—?—0.3$0—108 . Answer: A

Practice 8.

#6 Subtract ) [ #2 Square = diag?/2

2
A square inscribed in a circle of radius r has diagonal 2r, so its area is @ = 272, Left
shaded: 7 — 2. Right shaded: ; (TR? — 2R?) = B (r — 2). Equal areas: & (1 — 2) =

4 4
m—2= R2=4= R =2 Answer:B

Practice 9.

#8 Band around coins #3 Arcs are fractions

The band alternates straight tangent segments and arcs. Each straight segment equals the
distance between the two coin centers it connects; walking around the outside, those center-to-
center steps total 8 + 4 4+ 4 + 4 = 20. The curved pieces turn through all the corners of the
loop — together exactly one full circle of radius 2: 27 - 2 = 4. Length = 47 + 20. Answer:
C

Practice C1.

#5 Diameter — 90°

BC'is a diameter, so ZBDC = 90° and ZBEC = 90° —i.e. CE L AB. Inthe isosceles
triangle, that altitude is also the angle bisector: ZEC A = % -40° = 20°. ZBF(C'is an
exterior angle of ADFC: /BFC = Z/ZFDC + ZDCF = 90° + 20° = 110°. Answer: D



[

Practice C2.

& 45 Diameter - 90°

EB is a diameter, so ZEAB = 90° and ZAEB + ZABE = 90°; the 4 : 5 ratio gives
/ABE =50°. AB || ED - /BED = ZABE = 50° (alternate angles). EB || CD
makes EFBC' D a trapezoid inscribed in a circle — always isosceles — so ZDEB =
/CBE = 50°, and co-interior angles between the parallel sides give ZBCD = 180° —
/CBE = 130°. Answer: C

Practice C3.

#5 Same arc, same angle

ZACB and ZADB are inscribed angles on the same arc AB, so ZACB = 40°. In
NABC: ZABC = 180° — 70° — 40° = 70° = ZBAC, so the triangle is isosceles with
AC = BC = 6. (The AD = 4 is a decoy!) Answer: B

Practice CA4.

é #4 Tangency lines up centers

Internal tangency puts each small center on the line from the big center O to the tangent point:

with small centers M, N, OM = ON = 13 — 5 = 8 while OA = OB = 13. The circles
OM ON 8

touch each other, so MN =5+ 5 = 10. Smci?)OA o 0365— 13 with the common angle
at O: AOMN ~ NOAB,so AB = MN - 5§ =T and m +n = 69. Answer:
D
.
4
Practice C5.

#5 Diameter — 90°

AB is a diameter, so ZACB = 90°; and ZADE = 90° too, so ANAABC ~ NAED
(shared angle A). AD =4 +3 =7 DE =5,s0 AE = /49 + 25 = /74 and

AB 4 4 \?
S =1.7.5=3 The simil g =—= -
AAED = 3 e similarity ratio is — AE \/_ SO OAABC = \/ﬂ
35 16 35 140

?_7—4.7_¥.Answer:D




Practice C6.

#5 Central symmetry #6 Same base, compare heights

Both triangles have base DC), so the ratio is the ratio of the horizontal distances from F and

S MFE
from... better: take DC' as the common base; then ADCE ., where M FE is E's

rapp AB
distance from line DC'. Set the diameter AB = 3:then AC = 1, BC = 2, center O with

AO = 1.5,s0 CO = 0.5. O is the midpoint of DFE, so CO is a midsegment of ADME:
ME = 2-CO = 1. Ratio = % Answer: C




